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Abstract: Under an appropriate regular variation condition, the affinely 
normalized partial sums of a sequence of independent and identically dis- 
tributed random variables converges weakly to a non-Gaussian stable ran- 
dom variable. A functional version of this is known to be true as well, the 
limit process being a stable Levy process. The main result in the paper is 
that for a stationary, regularly varying sequence for which clusters of high- 
threshold excesses can be broken down into asymptotically independent 
blocks, the properly centered partial sum process still converges to a stable 
Levy process. Due to clustering, the Levy triple of the limit process can 
be different from the one in the independent case. The convergence takes 
place in the space of cadlag functions endowed with Skorohod's Mi topol- 
ogy, the more usual J\ topology being inappropriate as the partial sum 
processes may exhibit rapid successions of jumps within temporal clusters 
of large values, collapsing in the limit to a single jump. The result rests on 
a new limit theorem for point processes which is of independent interest. 
The theory is applied to moving average processes, squared G ARCH (1,1) 
processes, and stochastic volatility models. 

AMS 2000 subject classifications: Primary 60F17, 60G52; secondary 
60G55, 60G70. 

Keywords and phrases: convergence in distribution, functional limit the- 
orem, GARCH, mixing, moving average, partial sum, point processes, reg- 
ular variation, stable processes, spectral processes, stochastic volatility. 



1 



/Functional limit theorem 



2 



1. Introduction 

Consider a stationary sequence of random variables (X n ) n ^i and its accompa- 
nying sequence of partial sums S„ = X\ + • • • + X„, n ^ 1. The main goal of 
this paper is to investigate the asymptotic distributional behavior of the -D[0, 1] 
valued process 

V n (t) =a-\S lnti - [nt]b n ), te [0,1], 

under the properties of weak dependence and regular variation with index a £ 
(0, 2), where (a n ) n is a sequence of positive real numbers such that 

nP(|Xi| > O ->• 1, (1.1) 

as n — > oo, and 

6„ = E(Xi l{|Xi|^a„})- 

Here, [x\ represents the integer part of the real number x and -D[0, 1] is the 
space of real- valued cadlag functions on [0, 1]. 

Recall that if the sequence (X n ) is i.i.d. and if there exist real sequences (a„) 
and (b n ) and a nondegcncratc random variable S such that as n — > oo 

^^45, (1.2) 

then S is necessarily an a-stable random variable. In standard terminology, the 
law of Xi belongs to the domain of attraction of V(l). The domain of attraction 
of non-Gaussian stable random variables can be completely characterized by an 
appropriate regular variation condition, see (2.1) below. Classical references in 
the i.i.d. case are the books by Feller [22] and Petrov [38], while in LePage 
et al. [30] one can find an elegant probabilistic proof of sufficiency and a nice 
representation of the limiting distribution. 

Weakly dependent sequences can exhibit very similar behavior. The first 
results in this direction were rooted in martingale theory, see Durrett and 
Resnick [19]. In [12], Davis proved that if a regularly varying sequence (X n ) n of 
random variables has tail index < a < 2 and satisfies a strengthened version 
of Leadbetter's D and D' conditions familiar from extreme value theory, then 
(1.2) holds for some a-stable random variable S and properly chosen sequences 
(a n ) n and (b n ) n . These conditions are quite restrictive however, even excluding 
m-dependent sequences. For strongly mixing random sequences, a necessary and 
sufficient condition was obtained in Denker and Jakubowski [18] for the weak 
convergence of partial sums towards an a-stable distribution. Later, in [14] 
Davis and Hsing showed that sequences which satisfy a regular variation condi- 
tion for some a £ (0, 2) and certain (even milder) mixing conditions also satisfy 
(1.2) with an a-stable limit. Building upon the same point process approach, 
Davis and Mikosch [15] generalized these results to multivariate sequences. Most 
recently, Bartkiewicz et al. [3] provided a detailed study of the conditions for 
the convergence of the partial sums of a strictly stationary process to an infinite 
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variance stable distribution. They also determined the parameters of the limit- 
ing distribution in terms of some tail characteristics of the underlying stationary 
sequence. 

The asymptotic behaviour of the processes V n as n — > oo is an extensively 
studied subject in the probability literature too. As the index of regular variation 
a is assumed to be less than 2, the variance of X\ is infinite. In the finite- 
variance case, functional central limit theorems differ considerably and have 
been investigated in greater depth, see for instance Billingsley [7] , Herrndorf [24] , 
Merlevede and Pcligrad [33], and Peligrad and Utcv [37]. 

A very readable proof of the functional limit theorem for the processes V n 
for infinite variance i.i.d. regularly varying sequences (X n ) n can be found in 
Resnick [41]. Leadbetter and Rootzen [29] studied this question for more gen- 
eral sequences in the context of extreme value theory. They found necessary 
and sufficient conditions for the functional limit theorem to hold in Skorohod's 
Ji topology. However, this choice of topology excludes many important applied 
models. Avram and Taqqu [2] obtained a functional limit theorem in D[0, 1] 
endowed with Skorohod's M\ topology for sums of moving averages with non- 
negative coefficients (sec Section 3 for the definition of the M\ topology). They 
also showed why the J\ metric is not well suited for studying weak conver- 
gence of the processes V n when the variables X n are not independent. For some 
more recent articles with related but somewhat different subjects we refer to 
Sly and Heyde [44] who obtained nonstandard limit theorems for functionals 
of regularly varying sequences with long-range Gaussian dependence structure 
sequences, and also to Aue et al. [1] who investigated the limit behavior of the 
functional CUSUM statistic and its randomly permuted version for i.i.d. ran- 
dom variables which are in the domain of attraction of a strictly a-stable law, 
for a G (0,2). 

The main theorem of our article shows that for a stationary, regularly varying 
sequence for which clusters of high-threshold excesses can be broken down into 
asymptotically independent blocks, the properly centered partial sum process 
iy n {t))t£[o,i] converges to an a-stable Levy process in the space D[0, 1] en- 
dowed with Skorohod's Mi metric under the condition that all extremes within 
one such cluster have the same sign. Our method of proof combines some ideas 
used in the i.i.d. case by Resnick [40, 41] with a new point process convergence 
result and some particularities of the Mi metric on D[0, 1] that can be found in 
Whitt [45] . The theorem can be viewed as a generalization of results in Lead- 
better and Rootzen [29], where clustering of extremes is essentially prohibited, 
and in Avram and Taqqu [2]. 

The paper is organized as follows. In Section 2 we determine precise conditions 
needed to separate clusters of extremes asymptotically. We also prove a new 
limit theorem for point processes which is the basis for the rest of the paper and 
which is of independent interest too. In Section 3 we state and prove our main 
functional limit theorem. We also discuss possible extensions of this result to 
other topologies. Finally, in Section 4 several examples of stationary sequences 
covered by our main theorem are discussed, in particular moving average and 
squared GARCH(1,1) processes. 
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2. Stationary regularly varying sequences 

The extremal dynamics of a regularly varying stationary time series can be 
captured by its tail process, which is the conditional distribution of the series 
given that at a certain moment it is far away from the origin (Subsection 2.1). In 
particular, the tail process allows explicit descriptions of the limit distributions 
of various point processes of extremes (Subsection 2.2). The main result in this 
section is Theorem 2.3, providing the weak limit of a sequence of time-space 
point processes, recording both the occurrence times and the values of extreme 
values. 



2.1. Tail processes 

Denote E = R \ {0} where R = [—00,00]. The space E is equipped with the 
topology which makes it homeomorphic to [— 1, 1] \ {0} (Euclidean topology) 
in the obvious way. In particular, a set B C E has compact closure if and 
only if it is bounded away from zero, that is, if there exists u > such that 
BcE„ = E\ [—it, it]. Denote by C^(E) the class of all nonncgative, continuous 
functions on E with compact support. 

We say that a strictly stationary process (X„)„ 6 z is (jointly) regularly varying 
with index a G (0, 00) if for any nonncgative integer k the fc-dimensional random 
vector X = {X\, . . . , Xk) is multivariate regularly varying with index a, i.e. for 
some (and then for every) norm || • || on R fc there exists a random vector on 
the unit sphere S fe_1 = {x G R fc : |[x|| = 1} such that for every u G (0, 00) and 
as x — > 00, 

P(||X|| > ux, X/\\X\\ G-) „ 



P(||X||>x) 



-«P(0G-), (2.1) 



the arrow "^>" denoting weak convergence of finite measures. For an extensive 
and highly readable account of (multivariate) regular variation, see the mono- 
graph by Rcsnick [41]. 

Theorem 2.1 in Basrak and Segers [5] provides a convenient characterization 
of joint regular variation: it is necessary and sufficient that there exists a process 
(F n ) ne z with P(|io| > y) — y~ a for y ^ 1 such that as x — > 00, 

({x^Xn)^ I |X | > x) ^ (Y n ) nez , (2.2) 

where "i^>" denotes convergence of finite-dimensional distributions. The pro- 
cess (y„)„ e z is called the tail process of (X n ) ne z- Writing 6„ = Fn/I^ol for 
neZ, we also have 



(G-^ol 1 X n ) n £Z J \Xq\ > x) — — > (0„;. 



see Corollary 3.2 in [5]. The process (9„) rie z is independent of \Yq\ and is called 
the spectral (tail) process of (X n ) n& %. The law of O = Fo/I^ol G §° = { — 1, 1} 
is the spectral measure of the common marginal distribution of the random 
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variables Xi. Regular variation of this marginal distribution can be expressed in 
terms of vague convergence of measures on E: for a n as in (1.1) and as n — > oo, 



nP(a- 1 X i e-)^^(-), 
the Radon measure [i on E being given by 

fi(dx) = (pl(0,oo)(») +9l(-oo,0)(»)) a M~ 



da;, 



(2.3) 
(2.4) 



where 



p = P(6 = +1) = lim 



P(X, > x) 



p(e 



-i 



x^oo ¥{\Xi\ > x)' 

,. P(*< < -a;) 
lim — - — : f. 

z^oo P(|Xi| > x) 



2.2. Point processes convergence 

Define the time-space point processes 



N n — ^ 8(i/n,Xi/a n ) 



for all n G N, 



(2.5) 



with a n as in (1.1). The aim of this section is to establish weak convergence of 
N n in the state space [0, 1] x E„ for u > 0, where K a = E \ [— u,u]. The limit 
process is a Poisson superposition of cluster processes, whose distribution is 
determined by the tail process (li)iez- Convergence of N n was already alluded 
to without proof in Davis and Hsing [14] with a reference to Mori [35]. 

To control the dependence in the sequence (I„)„ 6 z we first have to assume 
that clusters of large values of \X n \ do not last for too long. 

Condition 2.1. There exists a positive integer sequence (r n ) ne jq such that r n — > 
oo and r n /n — > as n — > oo and such that for every u > 0, 



lim lim sup P[ max \Xi\ > ua„ 



\X \ > ua r 



0. 



(2.6) 



Put Mi <n = max{|Xi| : i = 1, . . . ,n} for n 6 N. In Proposition 4.2 in [5], it 
has been shown that under the finite-cluster Condition 2.1 the following value 



6 = lim lim P(M lr ^ x\\X \> x) 

= P(sup^ 1 |K 1 | < 1) = P(sup^_ 1 |y i | 1) (2.7) 
is strictly positive. By Remark 4.7 in [5], alternative expressions for 9 in (2.7) 



are 



^°°P (sup 16,1" ^y^d(-y- a 



E 



max! 1 — sup lOd", 



= E 



sup 6J Q - sup IGj 
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Moreover it also holds that P(lim| n |_ > . 0O \ Y n \ = 0) = 1, and that for every u £ 
(0,oo) 



P(M llPB < a„ U | |X | > a n u) = > + o(1) 6 

r n P(|A | > a„w) 

as n — > oo. 

Since P(Mx r „ > a„u) — >• as n — > oo, we call the point process 



(2.8) 



fi(a n u)- 1 x i conditionally on Mi jTn > a n u 

i=l 

a cluster process, to be thought of as a cluster of exceptionally large values 
occurring in a relatively short time span. Theorem 4.3 in [5] yields the weak 
convergence of the sequence of cluster processes in the state space E: 



^2\a n u)-^Xi M l,r n > a n U ) A I ^2 S Y« 



sup \Y t \ < 1 



i<-l 



(2.9) 



Note that since \Y n \ — > almost surely as \n\ — > oo, the point process 5Z n £y„ 
is well-defined in E. By (2.7), the probability of the conditioning event on the 
right-hand side of (2.9) is nonzero. 

To establish convergence of N n in (2.5), we need to impose a certain mixing 
condition called (A'(a n )) which is slightly stronger than the condition A(a n ) 
introduced in Davis and Hsing [14]. 

Condition 2.2 (A'(a„)). There exists a sequence of positive integers (r n ) n such 
that r n — y oo and r n /n — > as n — >■ oo and such that for every / £ Cj£([0, 1] xE), 
denoting k n = \n/r n \, as n — > oo, 



E 



exp 



fc=l 



0. (2.10) 



It can be shown that Condition 2.2 is implied by the strong mixing property, 
see Krizmanic [28]. 

Theorem 2.3. If Conditions 2.1 and 2.2 hold, then for every u € (0, oo) and 

as n — > oo, 



(T 4 (u) ,1lZy) 



[0,1] xE„ 



in [0, 1] x E M , where E u = E \ [— u, u] and 

1. 5 T (u> is a homogeneous Poisson process on [0, 1] with intensity 9u~ a , 

2. (^2jSzij)i is an i.i.d. sequence of point processes in E, independent of 
X^^r.Mj anc ^ with common distribution equal to the weak limit in (2.9). 
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In the setting of Theorem 2.3, the quantity 6 in (2.7) is the extremal index 
of the sequence (|X n |)„ e z: for all u 6 (0, oo) and as n — > oo, 

P(Mi, n a„u) = (P(|Xi| a„ W ))" e + o(l) -»• e^" - ", 

see [5, Remark 4.7]. It can be shown that Theorem 2.3 is still valid if E. u is 
replaced by E u = [— oo, —u] U [u, oo]. 

Proof of Theorem 2.3. Let (Xk,j)j^, with k G N, be independent copies of 
(Xj)j£n, and define 

k n r n 
N n = ^ Nn,k With N n , k = ^ $(kr n /n,X k:j /a n )- 
k=l 3=1 

By Condition 2.2, the weak limits of N n and N n must coincide. By Kallen- 
berg [25, Theorem 4.2] it is enough to show that the Laplace functionals of 
N n converge to those of iV». Take / <E C£([0,1] x E u ). We extend / to the 
whole of [0,1] x E by setting f(t,x) = whenever \x\ ^ u; in this way, / 
becomes a bounded, nonncgative and continuous function on [0, 1] x E. There 
exists M £ (0, oo) such that ^ f(t, x) ^ M lr_ u u ic(x). Hence as n — > oo, 

1 ^ Ee~™"^ > Ee" ME <=i ^l^lx^u) 

> 1 - Mr„P(|X | > a n «) = 1 - Oft; 1 ). 

In combination with the elementary bound ^ — logz — (1 — z) ^ (1 — z) 2 /z 
for z S (0, 1], it follows that as n ~ > oo, 

-logEe-*-' = - Y^logEe~^- kf = J2( 1 ~ E ^^ n ■ kf ) + ( k n 1 )■ 
k=l fe=i 

By (2.8), fc n P(Mi,r B > a„u) — > for u S (0, oo) and as n — > oo. Hence 

fen 



fe=i 



k n P(Mi, r „ > a„u) — E 



fc=i 



1 _ e -T,^if(kr n /n,X J /a n ) 



Mi,r„ > a n u 



, fen 



fe=i 



1-e" 2 ^ 



Mi r > a„ u 



+ o(l). (2.11) 



Let the random variable T n be uniformly distributed on {kr n /n : k — 1, . . . , k n } 
and independent of (Xj)j e z- By the previous display, asn-> oo, 



]T(1 - Ee-*"- fc/ ) = 9u- a E 



k=l 



1 _ e - £J2i /(T„,uX.,-/(ua„)) 



o(l). 
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The sequence T„ converges in law to a uniformly distributed random variable 
T on (0, 1). By (2.9) and by independence of sequences (T„) and (X n ) n 

i=l ' ^ nGZ 

where ^2 n 5z n is a point process on E, independent of the random variable T, 
and with distribution equal to the weak limit in (2.9). Thus, the expressions in 
(2.11) converge as n — >• oo to 



6u a E 



l_ e -E,/(w; 



= E 



l_ e -Ei/(*.«^ 



9u- a dt. 



(2.12) 



It remains to be shown that the right-hand side above equals — logEe _Jv( f 
for as in the theorem. 

Define g(t) = Eexp{— ^ . f(t,uZj)} for i e [0, 1]. Since ^ $ T («) is indepen- 
dent of the i.i.d. sequence (J2j ^z^i, 



T 1] S(T { i u \uZ lj ) 



E 



= E e Si 1 °e9( T i° ) ), 



The right-hand side is the Laplace functional of a homogeneous Poisson process 
on [0, 1] with intensity 9u~ a evaluated in the function — logg. Therefore, it is 
equal to 



exp^-^ {1 -g{t)}8u~ a dt 



see for instance Embrechts et al. [21, Lemma 5.1.12]; note that ^ g ^ 1. By 
the definition of g, the integral in the exponent is equal to the one in (2.12). 
This completes the proof of the theorem. □ 



3. Functional limit theorem 

The main result in the paper states convergence of the partial sum process 
V n to a stable Levy process in the space D[Q, 1] equipped with Skorohod's Mi 
topology. The core of the proof rests on an application of the continuous mapping 
theorem: the partial sum process V n is represented as the image of the time- 
space point process N n in (2.5) under a certain summation functional. This 
summation functional enjoys the right continuity properties by which the weak 
convergence of N n in Theorem 2.3 transfers to weak convergence of V n . 

The definition and basic properties of the Mi topology are recalled in Sub- 
section 3.1. In Subsection 3.2, the focus is on the summation functional and its 
continuity properties. The main result of the paper then comes in Subsection 3.3, 
some discussion of which is provided in Subsection 3.4. 
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3.1. The Mi topology 

The metric d,Mi that generates the M\ topology on D[0, 1] is defined using 
completed graphs. For x G D[0, 1] the completed graph of x is the set 

F x = {(t, z) e [0, 1] X R : z = \x(t-) + (1 - X)x(t) for some A G [0, 1]}, 

where a;(t— ) is the left limit of x at t. Besides the points of the graph {(t, x(t)) : 
t G [0, 1]}, the completed graph of x also contains the vertical line segments 
joining (t,x(t)) and (t,x(t— )) for all discontinuity points t of x. We define an 
order on the graph T x by saying that (t\, z\) ^ (£2, z 2 ) if cither (i) ti < t 2 or 
(ii) ii = t2 and |o;(ii— ) — Zi| ^ \x{t2 — ) — ^2 1 ■ A parametric representation of the 
completed graph T x is a continuous nondecrcasing function (r, u) mapping [0, 1] 
onto T x , with r being the time component and u being the spatial component. 
Let II(x) denote the set of parametric representations of the graph T x . For 
x\,X2 £ D[0, 1] define 

d Ml (xi,x 2 ) = inf{||ri - r 2 ||[o,i] V \\m - U2||[o,i] : ( r ^ u i) e n(xi),i = 1,2}, 

where [0,11 — su p{|x(t)| : t £ [0,1]}. This definition introduces dM 1 as a 
metric on D[0, 1]. The induced topology is called Skorohod's Mi topology and is 
weaker than the more frequently used J\ topology which is also due to Skorohod. 

The M\ topology allows for a jump in the limit function x G D[0, 1] to be 
approached by multiple jumps in the converging functions x n G D[0, 1]. Let for 
instance 

ZnW = ^l[|-i,|)(i) + i](t), a:(*) = % !](*), 

for n ^ 3 and t G [0, 1]. Then dMtixm x) ~> as h -> 00, although (x n ) n does 
not converge to x in either the uniform or the J\ metric. For more discussion of 
the Mi topology we refer to Avram and Taqqu [2] and Whitt [45] . 

3.2. Summation functional 

Fix < v < u < 00. The proof of our main theorem depends on the continuity 
properties of the summation functional 

^ (tl) : M p ([0,l] x E v ) D[0,1] 

defined by 

Observe that ip^ is well defined because [0, 1] x E„ is a relatively compact 
subset of [0, 1] x E„. The space M p of Radon point measures is equipped with 
the vague topology and D[0, 1] is equipped with the Mi topology. 
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We will show that ij:^ is continuous on the set A = Ai H A2, where 

Ai = {77 G M p ([0, 1] x E„) : 77({0, 1} x E u ) = = r?([0, 1] x {±00, ±u})}, 

A 2 = {77 G M p ([0, 1] x E„) : n({t} x (v, 00]) A n({t} x [-00, -«)) = 

for all te [0,1]}; 

we write sAt for min(s, i). Observe that the elements of A2 have the property 
that atoms with the same time coordinate are all on the same side of the time 
axis. 

Lemma 3.1. Assume that with probability one, the tail process (Yi)iez in (2.2) 
has no two values of the opposite sign. Then P(JVW G A) = 1. 

Proof. From the definition of the tail process (l^)iez we know that P(li = 
±00) = for any i £ Z. Moreover, by the spectral decomposition Yi = \Yo\®i 
into independent components |Yo| an d @i with \Yq\ a Pareto random variable, 
it follows that Yi cannot have any atoms perhaps maybe at the origin. As a 
consequence, it holds with probability one that y\ S V Yj ({±m}) = and thus that 
Ej^%({±^» = as well. Together with the fact that P(£\ S t m ({0, 1}) = 

0) = 1 this implies P(A^) G A x ) = 1. 

Second, the assumption that with probability one the tail process (ii)igz has 
no two values of the opposite sign yields P(ATO) g A 2 ) = 1. □ 

Lemma 3.2. TTie summation functional tp^ u ' : M p ([0, 1] x E„) — > D[0, 1] is 
continuous on the set A, when D[0, 1] is endowed with Skorohod's Mi metric. 

Proof. Suppose that r\ n A r\ in M p for some 77 G A. We will show that 
Tp^iVn) ^ u Hv) m D[0, 1] according to the M\ topology. By Corollary 12.5.1 
in Whitt [45], Mi convergence for monotone functions amounts to pointwise 
convergence in a dense subset of points plus convergence at the endpoints. Our 
proof is based on an extension of this criterion to piecewise monotone functions. 
This cut-and-paste approach is justified in view of Lemma 12.9.2 in Whitt [45], 
provided that the limit function is continuous at the cutting points. 

As [0, 1] x E u is relatively compact in [0, 1] x E„ there exists a nonnegativc 
integer k = k(rf) such that 

Tj([0, 1] x E„) = k < 00. 

By assumption, 77 does not have any atoms on the horizontal ligns at u or —u. 
As a consequence, by Lemma 7.1 in Rcsnick [41] there exists a positive integer 
no such that for all n ^ no it holds that 

77„([0,1] xE u ) = k. 

li k = 0, there is nothing to prove, so assume k ^ 1 and let for i G 

{!,...,&} be the atoms of r\ in [0, 1] x E„. By the same lemma, the k atoms 
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(4 j °f Vn in [0, 1] x E u (for n ^ no) can be labelled in such a way that 

for i G {1, . . . , k} we have 

(^ ra) ,a4 ) ->■ (ti,Xi), as n -> oo. 

In particular, for any (5 > we can find a positive integer 715 such that for all 

n > n 5 , 

r,„([0,l] xE.) = fc, 
\t[ n) -U\<5 and |^ n) -Xi| < 5, for i = l,...,fc. (3.1) 

Let the sequence 

< Tl < t 2 < . . . < t p < 1 

be such that the sets {ti,...,t p } and coincide. Note that p ^ k 

always holds, but since r\ can have several atoms with the same time coordinate, 
equality does not hold in general. Put To = 0, t p +i — 1 and take 

< r < i min \t 1+1 - n\. 

For any t G [0, 1] \ {ti, . . . , r p } we can find S G (0, u) such that 
<5 < r and 5 < min It — t,|. 

Then relation (3.1), for n ^ 71,5, implies that tf 1 ^ t is equivalent to ti ^ t, and 
we obtain 



IV> (u) (^0W-V> (u) («)(*) I 



Therefore 

lim |^ (u) fa»»)(*)-'0 (u) (»/)(*) I 

and if we let 5 — > 0, it follows that ^ u \7] n )(t) — > tp^ (r))(t) as n -> oo. Put 

w l =r i +r, ie{l,...,p}. 

For any (5 < u A r, relation (3.1) and the fact that r) G A imply that the 
functions ip^ u \r]) and tjj^ u \r] n ) (n ^ 71,5) are monotone on each of the intervals 
[0, vi], [v\,V2], ■ ■ ■ , [v p , 1]. A combination of Corollary 12.5.1 and Lemma 12.9.2 
in Whitt [45] yields d,M 1 (^ u \-q n ), (?/)) -> as n -> 00. The application 
of Lemma 12.9.2 is justified by continuity of tjj^ u '{rj) in the boundary points 
«i, . . . , Up. We conclude that i/'^ is continuous at r\. □ 
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3.3. Main theorem 

Let (X n ) n be a strictly stationary sequence of random variables, jointly regularly 
varying with index a 6 (0, 2) and tail process (i^)iez. The theorem below gives 
conditions under which its partial sum process satisfies a nonstandard functional 
limit theorem with a non-Gaussian a-stable Levy process as a limit. Recall that 
the distribution of a Levy process V{ ■ ) is characterized by its characteristic 
triple, i.e. the characteristic triple of the infinitely divisible distribution of V(l). 
The characteristic function of 1^(1) and the characteristic triple (a, v, b) are 
related in the following way: 

E [ e faV(i)] = exp ^-±az 2 + ibz + J ( e i« _ i - izxl^^x)) v(dxfj 

for z £ R; here a 0, b € R are constants, and ^ is a measure on R satisfying 

v({0}) = and / (|x| 2 A 1) v(dx) < oo, 



that is, v is a Levy measure. For a textbook treatment of Levy processes we 
refer to Bcrtoin [6] and Sato [43]. The description of the Levy triple of the limit 
process will be in terms of the measures v^ u > (u > 0) on E defined for x > by 



vW(x,oo) = u~ a P u^y 4 l{|r,|>i} > x, sup < 1 



i>0 



(3.2) 



In case a £ [1,2), we will need to assume that the contribution of the smaller 
increments of the partial sum process is close to its expectation. 

Condition 3.3. For all 5 > 0, 



lim lim sup P 

"4-0 n-s-oo 



max 

0<k<n 



E( Xi f X^ 



> s 



= 0. 



Condition 3.3 holds for instance if (X n ) n is p-mixing at a certain rate, see 
Proposition 3.7 in Subsection 3.4, in which some variations of Theorem 3.4 are 
discussed as well. 

Theorem 3.4. Let (X n ) n€ ^ be a strictly stationary sequence of random vari- 
ables, jointly regularly varying with index a £ (0,2), and of which the tail process 
(Yi)ie'z almost surely has no two values of the opposite sign. Suppose that Con- 
ditions 2.1 and 2.2 hold. If 1 ^ a < 2, also suppose that Condition 3.3 holds. 
Then the partial sum stochastic process 
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satisfies 



V n — > V, n — > oo, 



in D[0, 1] endowed with the M\ topology, where V(-) is an a-stable Levy process 
with Levy triple (0, v, b) given by the limits 

z/ u) A^, f xv {u \dx)- f Xfi(d X )^b 

J x:u<\x\^.l J x:u< \x\ ^1 

as u 4- 0, with as in (3.2) and [i as in (2.4). 

Proof. Note that from Theorem 2.3 and the fact that \Y n \ — > almost surely as 
I ?i I — > oo, the random variables 



j 



Y^ Zi i l {\Zi}\>*) 



are i.i.d. and almost surely finite. Define 

#(«) = M 

^ ( T i > u Z, J z y 1 {|a y l>i}) 

i 

Then by Proposition 5.3 in Resnick [41], jV^") is a Poisson process (or a Poisson 
random measure) with mean measure 

r"AxF (u) , (3.3) 

where A is the Lebesgue measure and F^ u > is the distribution of the random 
variable ^ij'l{|2ij|>i}- But for ^ s < t ^ 1 and x > 0, using the fact 

that the distribution of ■ is equal to the one of ^ Jy^ conditionally on 
the event {sup,^^ \Yi\ ^ 1}, we have 

9u- a \ x F^([s,t] x (x.oo)) = QvT a (t - s)F ( - u \(x, oo)) 

= fc- a (t-s)P(n^^yl{|z lj |>i} > 



sup |y<| < 1 



= 9u- a (t-s)P(uJ2Y j l {lYjl>1} >x 
= 6u- a {t-s) 



P(su Pi< _ x |y,| < 1 
= U - a (i-.s)PU^r,l { | Yj | >1} >x, sup |^| < 1 

= A x i> } (M x (.t,oo)) 



The same can be done for the set [s,t] x (— oo, —x), so that the mean measure 
in (3.3) is equal to A x i». 
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Consider now < u < v and 



V' ( " ) (^n|[0,l]x E J(-)=V' (U) (^n| [ > l]xEj(-)= £ T^/H^V 

i/n^. ■ 

which by Lemma 3.2 converges in distribution in D[0, 1] under the Mi metric 
to 

V>(«)(iVM)(.) = ^(N^ | [0 ,i ]x eJ(-)- 
However, by the definition of the process in Theorem 2.3 it holds that 

jyH £ jy(«) 

[0,1] xE„ 

for every u S (0,«). Therefore the last expression above is equal in distribution 
to 

But since ^(«)(AT<») = ^ (u) (N (u) ) = ^ (u) (N (m) ), where 

is a Poisson process with mean measure A x , we obtain 
L«-J v 

i=l ™ l a " ■ 

in -D[0, 1] under the Mi metric. From (2.3) we have, for any t £ [0, 1], as n — >• oo, 



I nil /■ /Xi 

in P [ — G dx 

{x : «<|x|<l} 



i / xfi(dx). 

J{x : u<\x\^l} 



This convergence is uniform in t and hence 

Ln.jE^lr |Xll ,)_►(.)/" x M (dx) 

\an l u< a„ ^ L SJ J {x : u<\x\^l} 

in -D[0, 1]. Since the latter function is continuous, we can apply Corollary 12.7.1 
in Whitt [45], giving a sufficient criterion for addition to be continuous. We 
obtain, as n — » oo, 

1=1 



^ u) (-):=E if i" ) -(-)/ 

J 1 . < . {a? : W<|a5|^l} 
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The limit (3.4) can be rewritten as 

X 1 - < ■ J {x : u<\x\^.l} 

+ (•)(/ a;^ (u) (d^) - / x/i(da;) 

Note that the first two terms represent a Levy-Ito representation of the Levy 
process with characteristic triple (0,z/W,0), see Resnick [41, p. 150]. The re- 
maining term is just a linear function of the form t h- > t b u . As a consequence, 
the process is a Levy process for each u < 1, with characteristic triple 

(0,i»,6 u ), where 

a:i/ u >(dx) - / a;/i(dr). 

{a: : «<|a:|^l} J {x : u< \x | < 1} 

By Theorem 3.1 in Davis and Hsing [14], for t = 1, y(")(l) converges to an 
a-stable random variable. Hence by Theorem 13.17 in Kallenberg [26], there is 
a Levy process V( ■ ) such that, as u — > 0, 

vM(.) 4v(-) 

in I? [0,1] with the Mi metric. It has characteristic triple (Q,u,b), where v is 
the vague limit of i/M as u — ► and b — lim u ^o b u , see Theorem 13.14 in [26]. 
Since the random variable V(l) has an a-stable distribution, it follows that the 
process V{ ■ ) is a-stable. 
If we show that 

limlimsupP[d Ml (V^ u) ,K) > 8] = 

1*4-0 n— »oo 

for any S > 0, then by Theorem 3.5 in Resnick [41] we will have, as n — > oo, 

in -D[0,1] with the Mi metric. Since the Skorohod Mi metric on -D[0, 1] is 
bounded above by the uniform metric on D[0, 1], it suffices to show that 



limlimsuppf sup \V,[ u) (t) - V n (t)\ > S ) = 0. 

"4-0 n->oo \0<tO 
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Recalling the definitions, we have 
limlimsupP ( sup \V^ u \t) - V n (t)\ > s) 



= lim lim sup P 

«4-° rn-oo 



= lim lim sup P 

"4-0 n-s-oo 



lim lim sup P 

"4-0 n — >oo 



Int] 



sup 



sup 



max 

l<k<n 



> 6 



Xi 



> s 



>5 



Therefore we have to show 

k 



lim lim sup P 

"10 n -too 



max 

l<k<n 



Ef X^ ( Xi 

=1 \^ 1 {^<«}" E U 1 {^} 



> 5 



(3.5) 

For a £ [1, 2) this relation is simply Condition 3.3. Therefore it remains to show 
(3.5) for the case when a € (0,1). Hence assume a £ (0,1). For an arbitrary 
(and fixed) 5 > define 



I(u,n) = P 



max 

l<k<n 



> 5 



Using stationarity and Chebyshev's inequality we get the bound 



I(u, n) < P 



E 



i=l 



Xi 



-ei^i 



> <5 



E 



On i^} 



x, 



^ 2<T 1 nEN— -It ix. 



\Xi\ 



M -i pnyK ^ P(|*i| >tta„) F^Jl^^Q 

P(\X 1 \>a n ) ua„P(|Ai| > ua n ) 

Since X\ is a regularly varying random variable with index a, it follows imme- 
diately that 

V(\X l \>ua n ) _ a 
n\Xx\>a n ) 
as n — > oo. By Karamata's theorem 

E (l^i| l{|Xi|<ua n }) _ a 



lim 

moo ua„P(|Ai| > !is n ) 1 — a 
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Thus from (3.6), taking into account relation (1.1), we get 

lim sup /(m, n) < 2S- 1 -^—u 1 - a . 

n->oo I — a 

Letting u — > 0, since 1 — a > 0, we finally obtain 

lim lim sup I(u, n) = 0, 

and relation (3.5) holds. Therefore V n — > V as n — > oo in D[0, 1] endowed with 
the Mi topology. □ 

3-4- Discussion 

Here we revisit the conditions and the conclusions of Theorem 3.4 and provide 
some additional insights. If the spectral tail process (0i)igz satisfies a certain 
integrability condition, the formula for the Levy measure v simplifies consider- 
ably (Remark 3.5). In case a € (0,1), the centering function in the definition 
of V„ can be removed (Remark 3.6). In the other case, a € [1,2), the centering 
function cannot be omitted, and one way of checking Condition 3.3 is via p- 
mixing (Proposition 3.7). Finally, convergence in the L\ metric does not require 
the assumption about the signs in the tail process, while convergence in the J\ 
metric is possible if the definition of the partial sum process is altered in suitable 
way (Remark 3.8). 

Remark 3.5. The Levy measure v satisfies the scaling property 

!/(*•) = -"MO 
see Theorem 14.3 in Sato [43]. In particular, v can be written as 

i/(dx) = (c+ l(o.oo)Oc) + c_ l(_oc,o)(£)) ot\x\~ a ~ l dx, 

for some nonnegative constants c + and c_, and therefore v({x}) = for every 
x G E. Thus, from Theorem 3.2 in Resnick [41] we have 

c+ = v(l,oo) = lim u {u) (l,oo) 

= limu- Q pImV^Wim) > 1, sup \Yi\ s$ 1 

= lim«- Q / P(«y]re i l {r |e i |>i}>l, sup r|0i| < 1 ) d(-r- a ) 

= lim f l {r | ,|> u} > 1, sup r|0i| u) d(- r - a ), 

and similarly 

c- = lim / P ( yV©j l{r|e 3 |>«} < -1, sup r\Qi\ ^ u) d(-r" a ). 
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Now suppose further that 

E[(Eool©C] < °°- (3-7) 
Then by the dominated convergence theorem, 

c+ = / Pf V re, > 1; V* < -1 : Qi = o) d(-r" a ) (3.8) 
J ° Wo / 

= E[{max(X;^o '' O )} Q l{V»<-i:e 4 =o}] , 

c_ =E[{max(-E^o e ^ )} Ql {v^-i:e ! =o}]. (3.9) 

These relations can be applied to obtain the Levy measure v for certain heavy- 
tailed moving average processes (Example 4.3). □ 
Remark 3.6. If a G (0, 1), the centering function in the definition of the stochas- 
tic process V n ( • ) can be removed and this removing affects the characteristic 
triple of the limiting process in the way we describe here. 
By Karamata's theorem, as n — > oo, 

with p and q as in (2.4). Thus, as n — > oo, 



Q 



L»'J E (t 1 !^})^ ( ' )(,, -'"T^ 



in D[0, 1], which leads to 

[n-J 



f-_ ' a„ 1 - a 

k—i 

in D[0, 1] endowed with the Mi topology. The characteristic triple of the limiting 
process is therefore (0, v, b 1 ) with b' = b + (p — q)a/ (1 — a). □ 

Condition 3.3 is in general difficult to check. The next proposition gives one 
sufficient condition for Condition 3.3 to hold. It contains the notion of p-mixing. 
We say that a strictly stationary sequence of random variables (Xj)j £ z is p- 
mixing if 

pn = sup{| corr(F, Z)\ : Y G L 2 ^^), Z G L 2 {F™)} -> asn^O. 

Note that p-mixing implies strong mixing, whereas the converse in general does 
not hold, see Bradley [9]. 

Proposition 3.7. Let (X n ) n be a strictly stationary sequence of regularly vary- 
ing random variables with index a G [1,2), and (a n ) n a sequence of positive real 
numbers such that (1.1) holds. If the sequence (X n )„ is p-mixing with 

^P L2J /3j < oo, 

then Condition 3.3 holds. 
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Proof. Let 6 > be arbitrary. As in the proof of Theorem 3.4, define 

k 

I(u,n) = P ' 



max 

0<k<n 



A', 



> 5 



Then from Corollary 2.1 in Peligrad [36] we obtain 



[log 2 nj 

I{u,n) ^ 5~ 2 C exp ( 8 ^ P^/^ 

3=0 



nE 



Xl 1 F 1 



for some positive constant C. By assumption there exists a constant L > such 
that, for all n G N, 



J(«,n) < CL6~ 2 nE 



CLS~ 2 u 2 



Xl 1 

(ua„) 2 P(|Ai| > ua n ) 



nP(|Ai| > ua n ). 



Now using Karamata's theorem and the fact that X± is regularly varying, we 
obtain 



lim sup /(u, n) ^ CLS 



,2-a 



2-a 



Since 2 — a > 0, we find lim^o mTLSU Pn^oo I( u > n ) = 0) yielding Condition 3.3. 

□ 

Remark 3.8. The assumption that the tail process has no two values of the 
opposite sign almost surely is crucial to obtain weak convergence of the partial 
sum process in the M\ topology. If we drop this assumption, then it is still 
possible to obtain the convergence, but in the topology induced by the L\ metric 
on D[0, 1]. It is known that the L\ topology is weaker than M\ topology (see 
Whitt [45, p. 460]). 

The key step is to prove a version of Lemma 3.2 with D[0, 1] endowed with 
the L\ topology. Then one can repeat the proof of Theorem 3.4, with all the 
assumptions from that theorem apart from the assumption on the tail process, 
to obtain the weak convergence of the partial sum process V n ( • ) to a stable Levy 
process in D[0, 1] under the L\ metric. For details, we refer to Krizmanic [28]. 

Theorem 3.4 becomes false if we replace the M\ topology by Skorohod's J\ 
topology: for finite order moving average processes with at least two nonzero 
coefficients, Theorem 1 in Avram and Taqqu [2] shows that the sequence of 
partial sum stochastic processes V n cannot have a weak limit in the J± topology. 
Still, by altering the definition of the partial sum process so as to kill the within- 
cluster fluctations, one can recover the Ji convergence for mixing sequences as 
well. Instead of the process t > S\ nt \, one might for instance consider the 



process t i— V S , r „Lfc„tj- Again, we decided not to pursue this here. 



□ 
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4. Examples 

In case of asymptotic independence, the limiting stable Levy process is the same 
as in the case of an i.i.d. sequence with the same marginal distribution (Exam- 
ples 4.1 and 4.2). Heavy-tailed moving averages and GARCH(1,1) processes 
(Example 4.3 and 4.4 respectively) yield more interesting limits. 

Example 4.1 (Isolated extremes models). Suppose (X n ) is a strictly stationary 
and strongly mixing sequence of regularly varying random variables with index 
a G (0,2) that satisfies the dependence condition D' in Davis [12], i.e. 

L"/ fc J /i x i \ X j \ 
lim lim sup n P I > x, — — > x j — for all x > 0, 



i=l 



where (a n ) n is a positive real sequence such that nP(|-Xo| > a n ) — > 1 as n — > oo. 
Condition D' implies 

D/ ,„ K ,| VK v nP(\X \ > a n , \Xi\ > a n ) 

P(\Xi\ > a n \\X \> a n ) = ^ — ' ^ '- 0, as n ^ oo, 

nP(|X | > a n ) 

for all positive integer i, that is, the variables \X \ and \Xi\ are asymptotically 
independent. As a consequence, the series (X n ) n is regularly varying and its tail 
process is the same as that for an i.i.d. sequence, that is, Y n = for n^0 and 
Yo is as described in Subsection 2.1. It is trivially satisfied that no two values 
of (Y n )n are of the opposite sign. 

Since the sequence (X n ) is strongly mixing, Condition 2.2 is verified. Condi- 
tion 2.1 follows from condition D' , for the latter implies 

lim «V P ( > x, — > x] = for all x > 0, 
n^oo ^ \ ttn an j 

i— l x ' 

for any positive integer sequence (r n ) n such that r n — > oo and r„/n — > as 
n — > oo. 

If we additionally assume that the sequence (X n ) satisfies Condition 3.3 in 
case a G [1,2), then by Theorem 3.4 the sequence of partial sum stochastic 
processes V n ( ■ ) converges in D\Q, 1] with the Mi topology to an a-stable Levy 
process V( ■ ) with characteristic triple (0,/i,0) with fx as in (2.4), just as in 
the i.i.d. case. It can be shown that the above convergence holds also in the J\ 
topology, see Krizmanic [28]. 

Condition 3.3 applies for instance if the series (X n ) n is a function of a Gaus- 
sian causal ARMA process, i.e. X n = f(A n ), for some Borel function / : R — > M 
and some Gaussian causal ARMA process (A n ) n . From the results in Brockwcll 
and Davis [11] and Pham and Tran [39] (see also Davis and Mikosch [16]) it 
follows that the sequence (A n ) n satisfies the strong mixing condition with geo- 
metric rate. In this particular case this implies that the sequence (A n ) n satisfies 
the ,0-mixing condition with geometric rate (see Kolmogorov and Rozanov [27, 
Theorem 2]), a property which transfers immediately to the series (X n ) n . Hence 
by Proposition 3.7, Condition 3.3 holds. 
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Example 4.2 (Stochastic volatility models). Consider the stochastic volatility 
model 

X n = a n Z n , n e Z, 

where the noise sequence (Z n ) consists of i.i.d. regularly varying random vari- 
ables with index a € (0,2), whereas the volatility sequence {a n ) n is strictly 
stationary, is independent of the sequence (Z n ) n , and consists of positive ran- 
dom variables with finite 4a-th moment. 

Since the random variables Zi are independent and regularly varying, it fol- 
lows that the sequence (Z n ) n is regularly varying with index a. By an application 
of the multivariate version of Brciman's lemma (see Proposition 5.1 in Basrak 
et al. [4]), the sequence (X n ) n is regularly varying with index a too. 

From the results in Davis and Mikosch [17], it follows that 

n^P(|Xj| >ta n , \X \ > ta n )->0, as n -> oo, (4.1) 

i=l 

for any t > 0, where (r n )„ is a sequence of positive integers such that r n — > oo 
and r n /n — > as n — > oo, and (a n ) n is a positive real sequence such that 
7iP(|-Xi| > a n ) — >• 1 as n — > oo. From this relation, as in Example 4.1, it follows 
that Condition 2.1 holds. Moreover, the tail process (Y n ) n is the same as in the 
case of an i.i.d. sequence, that is, Y n = for n ^ 0. In particular, the tail process 
hos no two values of the opposite sign. 

Assume that (log(Jn)n is a Gaussian casual ARMA process. Then (X n ) n 
satisfies the strong mixing condition with geometric rate; see Davis and Mikosch 
[16]. Hence Condition 2.2 holds. 

In case a e [1,2), we also assume Condition 3.3 holds. Then all conditions 
in Theorem 3.4 are satisfied and we obtain the convergence of the partial sum 
stochastic process toward an a-stable Levy process with characteristic triple 
(0,^,0), with /i as in (2.4). 

Example 4.3 (MA(m) models). Consider the finite order moving average defined 
by 

X n = ^2 CiZn-i, neZ, 

i=0 

where (^j)iez is an i.i.d. sequence of regularly varying random variables with 
index a € (0, 2), m 6 N, Co, . . . , c m are nonnegative constants and at least cq 
and c m are not equal to 0. Take a sequence of positive real numbers (a n ) such 
that 

nP(|Zi| > o n ) -> 1 as 7i oo. (4.2) 

The finite-dimensional distributions of the series (X n ) n can be seen to be 
multivariate regularly varying by an application of Proposition 5.1 in Basrak et 
al. [4]; see also Davis and Resnick [13]). Moreover, if we assume (without loss of 
generality) that Y^Lo c ? = •"■! tn en also 

nP(|Xo| > a n ) — y 1 as n — > oo. 



/Functional limit theorem 



22 



The tail process (Y n ) n in (2.2) of the series (X n ) n can be found by direct cal- 
culation. First, y = ^o|@o where \Y \ and 9o = sign(Yo) are independent with 
P(|r | > y) = y~ a for y > 1 and P(6 = 1) = p = 1 - P(6 = -1). Next, let 
K denote a random variable with values in the set {0, . . . , m}, independent of 
Y , and such that P(K = k) = \ck\ a (recall the assumption Y^ZLo c t = !)• To 
simplify notation, put Ci := for i £ {0, . . . , m}. Then 

Y n = (c n+K /c K ) Y , 6„ = (c n+K /c K ) 6o, n 6 Z, 

represents the tail process and spectral process of respectively. Clearly, 

at most m + l values Y~„ and 9 n are different from and all have the same sign. 

Since the sequence (X n ) is m-dependent, it is also strongly mixing, and there- 
fore Condition 2.2 holds. By the same property it is easy to see that Condi- 
tion 2.1 holds. Moreover, in view of Proposition 3.7, Condition 3.3 holds as well 
when a e [1,2). 

As a consequence, the sequence (X n ) n satisfies all the conditions of Theo- 
rem 3.4, and the partial sum process converges towards a stable Levy process 
V( ■ ). The Levy measure v can be derived from Remark 3.5: since (3.7) is triv- 
ially fulfilled, we obtain from (3.8) and (3.9), 

v(Ax) = (E™o c *) Q {P 1 (o,o a )(x) +gl(- 00 ,o)(a0) aM^^dx, 

which corresponds with the results in Davis and Resnick [13] and Davis and 
Hsing [14]. Further, if a S (0, 1) U (1,2), then in the latter two references it is 
shown that 

6=(p-9)i^{Gx,«r-i}. 

with q = 1 — p. The case when a = 1 can be treated similarly, but the corre- 
sponding expressions are much more complicated (see Theorem 3.2 and Remark 
3.3 in Davis and Hsing [14]), so we decided to omit them here. 

Infinite order moving averages with nonnegative coefficients are considered 
in Avram and Taqqu [2]. In principle, one can approximate such processes by 
a sequence of finite order moving averages, for which Theorem 3.4 applies, and 
show that the error of approximation is negligible in the limit. We do not pursue 
this here, since the functional limit theorem for these processes already appears 
in [2]. 

Example 4.4 (ARCH/GARCH models). We consider the GARCH(1,1) model 

Xfi o n *Zi n , 

where (Z n ) ng z is a sequence of i.i.d. random variables with E(Zi) = and 
var(Zi) = 1, and 

a 2 n = a + (a 1 Z^_ 1 + /3i)crl_ l7 (4.3) 
with aoi^ii/^i being nonnegative constants. Assume that ao > and 



-oo < E\n( ai Z^ +p x ) < 0. 
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Then there exists a strictly stationary solution to the stochastic recurrence equa- 
tion (4.3); see Goldie [23] and Mikosch and Starica, [34]. The process (X n ) is 
then strictly stationary too. If cti > and ft > it is called a GARCH(1,1) 
process, while if a\ > and ft = it is called an ARCH(l) process. 

In the rest of the example we consider a stationary squared GARCH(1,1) 
process (X 2 ) n . Assume that Z\ is symmetric, has a positive Lebesgue density 
on R and there exists a G (0, 2) such that 

E[(a 1 Z 1 2 + ft) a ] = 1 and E[(a 1 Z 1 2 + ft) a In(a x ^ + ft)] < oo. 

Then it is known that the processes (er 2 ) n and (X^) n are regularly varying 
with index a and strongly mixing with geometric rate [4, 34]. Therefore the 
sequence (A 2 )„ satisfies Condition 2.2. Condition 2.1 for the sequence (X^) n 
follows immediately from the results in Basrak et al. [4]. 

The (forward) tail process of the bivariate sequence ((cr 2 , , X 2 ))„ is not too 
difficult to characterize, see Basrak and Sogers [5]. Obviously, the tail process 
of (A 2 )„ cannot have two values of the opposite sign. 

If additionally Condition 3.3 holds when a € [1, 2), then by Theorem 3.4, the 
sequence of partial sum stochastic processes (V n ( ■ ))„, defined by 

V n (t) = £ — " \nt\ E ( — -lr xj i ), f e [0, 1], 

converges weakly to an a-stable Levy process V( ■ ) in D[0, 1] under the Mi 
topology. Here (a„)„ is a positive sequence such that nP(X 2 > a n ) — > 1 as 
n — > oo. 

In case a € (0, 1)U(1, 2), the characteristic triple (0, v, b) of the stable random 
variable V{1) and thus of the stable Levy process V( ■ ) can be determined from 
Bartkiewicz et al. [3, Proposition 4.6], Davis and Hsing [14, Remark 3.1] and 
Remark 3.6: after some calculations, we find 

u(dx) = c+ l(o,oo)0*0 ctx^^ 1 dx, b = - (c + - 1), 

1 — a 

where 

+ _ EflzJ 2 ") ' 00 ~ z^ z t+i[[mz l +ft). 

Vl 11 7 t=l i=l 
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